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On the coloring of 3-element subsets∗
D. Zakharov
Theorem 1 Let p = 8k − 1 be a prime. Then we can color the set
(
Rp+2
3
)
of 3-element subsets of Rp+2 =
{1, . . . , p+ 2} into p colors such that any two sets x, y ∈
(
Rp+2
3
)
, |x ∩ y| = 2 have different colors.
Professor Raigorodskiy confirmed that this result is new.
Remarks. (a) Obviously, the set
(
Rp+2
3
)
can not be colored in a fewer than p colors because in the set
{{1, 2, 3}, {1, 2, 4}, . . . , {1, 2, p+ 2}}
any pair of triplets must have differrent colors.
(b) It is clear from the proof that the theorem also holds for primes p such that −1 6≡ 2r (mod p) for
each r.
(c) We can consider graph G(n, 3, 2) (see [1-6]) which has vertices set
(
Rn
3
)
that are connected if their
intersection has two elements, i.e.
G(n, 3, 2) = (V,E), V =
(
Rn
3
)
, E = {{x, y} : |x ∩ y| = 2}
In this terminology the theorem states that χ(G(p+ 2, 3, 2)) 6 p (and so χ(G(p + 2, 3, 2)) = p).
Aknowledgements. I would like to acknowledge my advisor prof. A. M.Raigorodskiy for his attention
to this work.
1 The proof of theorem 1
1.1 Construction of coloring
Let V =
(
Rn
3
)
, N = {p+ 1, p+ 2}. Consider 4 sets:
V0 = {v ∈ V, v ∩N = ∅},
V2 = {v ∈ V,N ⊂ v},
W1 = {v ∈ V, v ∩N = {p+ 1}},
W2 = {v ∈ V, v ∩N = {p+ 2}}
Every vertex x = {x1, x2, x3} ∈ V0 we paint in color
c(x) = x1 + x2 + x3 (mod p),
vertex x = (x1, p+ 2, p+ 1) ∈ V2 we paint in color
c(x) = 3x1 (mod p).
For the coloring of W1 and W2 we will use the following lemma, which will be proved in 2.3.
Let R˜p = {(x, y)|x, y ∈ Rp, x 6= y}.
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Lemma 1 There exists a map f : R˜p → Z2 such that
1. f(x, y) 6= f(y, x) for each x, y
2. f(x, y) 6= f(x+y
2
, x) for each x, y (here the division is the division in Zp),
Define a function f1 : R˜p → Zp by f1(x, y) = x if f(x, y) = 0 and f1(x, y) = y if f(x, y) = 1. Define a
function f2 : R˜p → Zp by f2(x, y) = x+ y − f1(x, y). Now let us paint vertex
x = (x1, x2, p+ i) ∈ Wi
in color
c(x) = x1 + x2 + fi(x1, x2) (mod p).
Obviuosly, we have constructed a coloring of all elements of
(
Rp+2
3
)
in p colors.
1.2 The proof that coloring is regular
Let us take any two elements
x = (x1, x2, x3), y = (x1, x2, x4) ∈
(
Rp+2
3
)
and consider following cases:
Case 1: x, y ∈ V0. Then, obviously,
c(x) ≡ x1 + x2 + x3 6≡ x1 + x2 + x4 ≡ c(y) (mod p).
Case 2: x, y ∈ V2, x1, x2 ∈ N . Then
c(x) ≡ 3x3 6≡ 3x4 ≡ c(y) (mod p),
because p > 3 is prime, i.e. p is not divisible by 3.
Case 3: x ∈ V0, y ∈ V2. This case is impossible.
Case 4: x ∈ Wi, y ∈ V2. We can assume that x1 = p+ 2, x4 = p+ 1, so
c(x)− c(y) ≡ x2 + x3 + fi(x2, x3)− 3x2 ≡ x3 + fi(x2, x3)− 2x2 (mod p).
If fi(x2, x3) = x2, then
c(x)− c(y) ≡ x3 − x2 6≡ 0 (mod p),
else fi(x2, x3) = x3 and
c(x)− c(y) ≡ 2x3 − 2x2 6≡ 0 (mod p),
Case 5: x ∈ Wi, y ∈ V0, x3 ∈ N . We have
c(x)− c(y) ≡ x1 + x2 + fi(x1, x2)− x1 − x2 − x4 ≡ fi(x1, x2)− x4 6≡ 0 (mod p)
by definition of fi.
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Case 6: x ∈ W1, y ∈ W2. In this case x3 = p+ 1, x4 = p+ 2, consequently
c(x)− c(y) ≡ f1(x1, x2)− f2(x1, x2) 6≡ 0 (mod p)
by definition of f1 and f2.
Case 7: x, y ∈ W1, x1 = p+ 1. We can write that
c(x)− c(y) ≡ x2 + x3 + f1(x2, x3)− x2 − x4 − f1(x2, x4) ≡ x3 + f1(x2, x3)− x4 − f1(x2, x4) (mod p).
Consider subcases.
Subcase 7.1: f1(x2, x3) = f1(x2, x4) = x2. Then
x3 + f1(x2, x3)− x4 − f1(x2, x4) ≡ x3 − x4 6≡ 0 (mod p).
Subcase 7.2: f1(x2, x3) = x3, f1(x2, x4) = x4. Then
x3 + f1(x2, x3)− x4 − f1(x2, x4) ≡ 2x3 − 2x4 6≡ 0 (mod p).
Subcase 7.3: f1(x2, x3) = x2, f1(x2, x4) = x4. Then
x3 + f1(x2, x3)− x4 − f1(x2, x4) ≡ x3 + x2 − 2x4 (mod p).
Suppose x3 + x2 ≡ 2x4 (mod p). So we have x4 =
x2+x3
2
. From this we get
f1(x2, x3) = x2, f1
(
x2,
x2 + x3
2
)
=
x2 + x3
2
.
And so
f(x2, x3) = 1, f
(
x2,
x2 + x3
2
)
= 0⇒ f(x3, x2) = 0
which contradicts to the properties of f . Hence, c(x)− c(y) 6≡ 0 (mod p).
Thus, we considered all cases and the constructed coloring is regular.
1.3 The proof of lemma 1
Lemma 2 Let p = 8k − 1 be a prime. Then −1 6≡ 2r (mod p) for each r.
Proof. Denote by d the order of 2 modulo p. We denote by
(
a
p
)
the Legendre symbol. It’s known, that(
2
p
)
= (−1)
p2−1
8 = (−1)
64k2−16k+1−1
8 = 1.
Thus, 2 is a quadratic residue in Zp. Then 2
p−1
2 ≡ 1 (mod p) and so d|p−1
2
= 4k − 1, i.e. d is odd.
Suppose, that there exists minimal number l, such that 2l ≡ −1 (mod p). Then d|2l but d is odd,
whence d|l and 2l ≡ 1 (mod p). Lemma 2 is proved.
Let us define a graph G with vertex set R˜p and in which we connect (x, y) with
(y, x), (
x+ y
2
, x), (y, 2x− y)
3
It is easy to see that if (x, y) and (a, b) are connected then x−y
a−b
= −2s for some s. So if there is an odd
cycle (x1, y1), . . . , (xl, yl) then
x1 − y1 ≡ −2
s2(x2 − y2) ≡ . . . ≡ (−1)
l−12s2+...+sl(xn − yn) ≡ (−1)
l2s1+...+sl(x1 − y1)
And we get
(x1 − y1)(2
S + 1) ≡ 0 (mod p)
which contradicts to Lemma 2. Then G has not odd cycles so it is bipartite.
Now let us take some 2-coloring of G V =M1 ∪M2. We define the map f as:
f(x, y) = 1⇔ (x, y) ∈ M1
Clearly f(x, y) 6= f(y, x) and f(x, y) 6= f(x+y
2
, x) because corresponding vertices are adjacent. Lemma 1 is
proved.
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